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Abstract

Ramanujan was the first who introduced the mock theta functions in his last letter to G. H. Hardy in
January 1920. Shukla and Ahmad obtained bilateral mock theta functions of order 7,9,--- ,2r+1,
and they have shown that these functions meet the mock theta function’s distinctive attribute.
This article shows the irrational behavior of bilateral mock theta functions of order 2r 4+ 1 at the

points ¢ = :I:%, :l:%, :l:%, ---. Based on this behavior, irrational behavior of bilateral mock theta
functions of order 5,7,9,--- has also been discussed.
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1. Introduction

The theory of mock theta functions started from the last letter of Ramanujan to G.H. Hardy in
January 1920, which was written from a hospital bed three months before his demise. In the course
of it, he said

“I discovered very interesting functions recently which I call ‘Mock Theta functions, - - -

”

He just provided a list of seventeen instances and a qualitative explanation of the important quality
he had observed, without providing a definition of mock theta functions. These seventeen instances
were designated as mock theta functions of orders three, five, and seven by Ramanujan. As Hardy
commented,

Mock theta function is a function defined by a g-series, convergent when [g| < 1 for
which we can calculate asymptotic formulae, when ¢ tends to a rational point, e of
the unit circle of the same degree of precision as those furnished for the ordinary theta

functions by the theory of linear transformations.
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Watson [16,17] studied in great detail the mock theta functions of order three and five and
introduced three more functions of order three to this collection. The qualitative descriptions given
by Ramanujan and subsequent remarks given by various mathematicians from time to time indicate
that:

Mock theta function is a function defined by a g-series, convergent for |¢| < 1 which satisfies
the following two conditions:

1. For every root of unity &, there is a theta function ¢(g) such that the difference f(q) — 0¢(q)
is bounded as q¢ — & radially,

2. There is no single 6 function which works for all £, i.e. there is some root of unity & for which
f(q) — 0¢(q) is unbounded as g — £ radially.

Mingarelli [6] showed that all Ramanujan’s mock theta functions of order three, Watsona€™s
three additional mock theta functions of order three, the Rogers-Ramanujan g-series, and six mock
theta functions of order five take on irrational values at the points ¢ = :I:%, i%, ii, N

The complete or bilateral mock theta function corresponding to a mock theta function like

n(n+1)

¢
fl(q)_nz:() (_Q) .

is defined as
& qn(nJrl)

(=q¢)

In 1999, Srivastava [15] obtained the eight bilateral mock theta functions of order ‘five’ by using
the transformation of Bailey oW» series and also given some alternative forms of these functions by
using the the general transformation of Gasper and Rahman [4] [page - 129 (5.4.3) ] for r = 2.

Shukla and Ahmad [1,8-10] obtained bilateral mock theta functions of order 7,9,---,2r +
1 by using the transformation (1.1.3) due to Slater [14] for r = 3,4,---,2r + 1 respectively.
They have shown that these functions are the limiting cases of the basic hypergeometric series
4P3, 5Py, -+, +1P,, respectively and proved that they satisfy the characteristic property of the
mock theta function. The bilateral mock theta functions of order ‘2r41’ are

ficlq) =

n=—oo

i (_1)anr(n22_n) q"
fOCT(Q) = Z (_q q) ) (1)
> (_1)rnq7" (n 5 n) q2n
flCT(q) = Z (_q q ) (2)
o0 1)rm r(n?—n) 2n
Faer(g) = 3 S (3)
> (—1)r r(2n?—2n) ,8n
FlCT(q2) = Z ( ) (;]6(]4) d ) (4)

& (_1)7% rn?

Docr(q) = Z ﬁa ()

—00
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o
_ 2

Dicr(q) = Y (—1)"grHOTED (g1 g?) (6)

—0o0

- ™ (7"—1)<n2+3")

Toer(q) =Y (=1)™q > (—:9),, (7)

—0oQ

0o rn(n+1)
(_1)r(n+1)q 5

Uic.(q) = 8
T( ) Zoo 2 (_q; Q)n ( )
Singh [11,12] showed that bilateral mock theta functions of order 5 and 9 are irrational at
q= :l:%, j:%, :I:i, --+. Recently, Singh [13] showed that four of the bilateral mock theta functions
of order 7 are irrational at ¢ = i%,i%,i%,"', and four are irrational at ¢ = %,%,i,---. In

this paper, the irrational behavior of bilateral mock theta functions of order 2r 4+ 1 at an infinite
number of points has been discussed, and the discussion includes the theorems of Oppenheim [7]
regarding the Cantor series, which are stated in the preliminaries. In Section 3, two theorems have
been proved on the irrational behavior of bilateral mock theta functions of order 2r + 1, while the
theorems on the irrational behavior of bilateral mock theta functions of order 5,7,9,-- have been
deduced in Section 4.

2. Preliminaries

The following g-notations and some standard results have been used:
For |q| < 1,

(a), =(a;9),=(1—a)(1—aq)---(L—aq"™"), (a;5q)y=1
(a1,a2, -+ am; q), = (a1;9), (a2;9),, - - (am; q),, -

A generalised basic hypergeometric series with base ¢ is defined as

at, -+, ar
D, _ ; =
r Tl[bl,"‘,brl’qu]
A bilateral basic hypergeometric series with base ¢ is defined as

o0
at,- - ,0Qp (a17"'7a7“;Q)
v ’ ’ 1,z = —0 =" for
r ’“[bl,---,br 1 ] 2 (b1, briq),,

S (a ar; q)
1,y Ury )y n
2" |z| < L.
2 (@0), (b1, br—159),,

n=0

by---b,

ai...ay

< |zl <1,

n=—oo

and N
—q%/a)"  knn-1)
(a50")—p = %q 7.
(¢"/a; ¢*)n
Throughout this paper, we use the following form of the Cantor (infinite) series and two theorems
given by Oppenheim regarding this series:

2.1 The Cantor Series and the Theorems of Oppenheim

Cantor [2] provided a criterion for determining the irrationality of a real number o given by the
infinite series of the form

~  Jn
U_;kle...kn (9)
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where the j; (¢ > 0), k; (i > 1) are integers to have irrational sums with the conditions k; > 2, 0 <
Ji < ki — 1 and for every integer m > 1 there is an n such that m | k1ks - - - ky,. Cantor showed that
o is irrational if and only if the j; > 0 infinitely often and j; < k; — 1 infinitely often.

Oppenheim [7] and Diananda & Oppenheim [3] extended the above criterion to the case where
the j; can have both signs and dropped the divisibility condition on the product of the first n k-s.
Further development in the theory came in a paper by Hancl and Tijdeman [5] in which the use of
Cantor-Oppenheim a priori condition j; < k; — 1 is avoided.

Theorem 2.1 (Oppenheim [7], Theorem 4) Let (j,), (kn) be two sequences of integers with
kn > 2, 0 <jgn, <ky,—1. Ifj, > 0 infinitely often and if there is a subsequence i, such that
ki, — oo and j;, /ki, — 0 as n — oo, then o as defined in (9) is irrational.

Theorem 2.2 (Oppenheim [7], Theorem 8) Let (j,), (kn) be two sequences of integers with
kn > 2, |jn| < kn — 1. Furthermore, let jmjn < 0 for some m > i, n > i for any assigned integer
i. If there is a subsequence iy, such that k;, — oo and j;, /ki, — 0 as n — oo, then o given by (9)
is 1rrational.

3. Irrationality of Bilateral Mock Theta Functions of order 2r + 1

The following two theorems on the irrationality of bilateral mock theta functions of order 2r + 1
have been proved in Subsections 3.1 and 3.2:

Theorem 3.1 The bilateral mock-theta functions Foc,(q), Ficr(q?), ®ocr(q), and ®1¢c, (q) take on
wrrational values at q = :l:%, :l:%, :l:%, cee

Theorem 3.2 The bilateral mock theta functions focr(q), ficr(q), Yocr(q), and ¥ic.(q) take on
irrational values at

(Z) q:%7%7%,"' U}hen’r:B?E),??-.., and

(i) q=+1,£L +3,-- whenr =2,4,6, -

3.1 Proof of Theorem 3.1

In this section, the proofs of the irrationality of functions Fyc,(q), Ficq(¢?), ®ocq-(q), and ®1c, (q)
are given separately one by one:
3.1.1 Fycr(q) is irrational at ¢ = :I:%,:l:%,:l:i, e

The function Fye,(q) can be written as

o0
Foer () =1+ Sp, (q) + Y (—1) - Dngr=imtr=2im (g, g2) (10)

n=1
It follows that Fye, (¢) is irrational if and only if Sk, (¢) is irrational, and
T?’L rn?—(r—2)n

= q
or (4 Z 1—q 1—@1) (1 —¢*) (1)

n=1
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Let p,q € C, q # 0, then

o0 _1)rn rn?—(r—2)n . (r—2)n

q g =1 (q — p) (¢ — p?) -+ (¥ — p?1)

Taking p = 1 in preceding expression, we get

1 _ 0 (_1)T7’L q(’r—Q)n
o (Q> -2 ¢ (g —1) ¢ (g3 = 1)+ - gD (g2n=1 — 1) 13)

n=1

n=1

Since for every ¢ > 2, ¢ € Z, the above expression is a Cantor series given by (9) with the
identifications j, = (—1)™"¢("=2", k, = ¢®»~D-1) (qzn—1 — 1). For every ¢ > 2 and an integer
n>1 ky,>2 ky,—1>|jn] >0, ky — 00, jn/kn — 0 as n — co. Hence, all the conditions of

Theorem 2.1 are satisfied when r = 2,4,6,--- and all the conditions of Theorem 2.2 are satisfied

when r = 3,5,7,- - -, therefore Sg, (% is irrational for every integer ¢ > 2.

Again, taking p = —1 in (12), we obtain
g _1 B i (_1) nq(r—2)n
Fo q - q('r—l) (q + 1) q3(r—1) (q3 + 1) .. q(2n—1)(r—1) (an—l + 1)

n=1

(14)
Hence SF, (—%) is a Cantor series as given by (9) with the identifications j, = (—1)""¢"=2"  k, =
¢Zn—(r-1) (qQ”_1 + 1). For every integer ¢ > 2 and any n > 1, k, > 2, k,—1> |jn| > 0, k,, = 00
& jn/kn — 0 as n — oo. Hence, by Theorem 2.1, Sg, (—%) is irrational for every integer q¢ > 2

when r = 2,4,6,---, and by Theorem 2.2, Sg, (—l) is irrational for every integer ¢ > 2 when

q
r =357,

Since Sg, (é) and Sg, (—%) are irrational for every integer ¢ > 2, so Sg, (¢) is irrational
for ¢ = :I:%,:I:%,:I:i,---.

3.1.2 Fic.(¢?) is irrational at ¢ = i%,i%,i%, e

The function Fjc,(¢?) can be written as

o0

Fie, (¢%) =1+ Sp, () + Y _(=1)r=Ing2r=hm420=2n (=2, 4y (15)
n=1
It is noted that Fyc, (¢?) is irrational if and only if Sp, (g) is irrational, and
e (_1)7‘nq27‘n2—2(7’—4)n
S = 16
7 (0= 2 T g G ) 1o

n=1

As before, for p,q € C, q # 0, we have
o0 —1)m 2rn?2—2(r—4)n 2(r—2)n
sa (1) =% S ‘ (17)

q q2(7"—1)n2 (qﬁ _ pG) (qlo _ plo) o (q4n+2 _ p4n+2)‘

Substituting p = +1 in (17), we obtain

n=1

5 :tl B ) (_1)rn qQ(r—Q)n 18
4 6 o Z qz(r—l) (qﬁ —1) q6(r—1) (qlﬂ —1)-- ,q2(2n—1)(r—1) (q4n+2 —1) (18)

n=1
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The sum above is a Cantor series as given by (9) with the identifications j, = (—1)™"¢*" 2", k, =
2211 (¢"™™2 —1). Also, for every integer ¢ > 2, and any n > 1, |ju| >0, ky > 2, k, —1 >
lin| > 0, ky — 00 & jn/kn — 0 as n — oo. Hence, all the conditions of Theorem 2.1 are satisfied

when r = 2,4,6,--- , and all the conditions of Theorem 2.2 are satisfied when r = 3,5,7,---

for ¢ > 2, so Sp, (ié) is irrational for every integer ¢ > 2. Thus, Sp, (¢) is irrational for ¢ =
1 4.1 41

+5,+5, %7, -

3.1.3 ®pc, (q) is irrational at ¢ = i%,i%, ii, e

In this case, we write the function ®gc, (q) as

Docr (q) =1+ Sa, (g Z ) (—g56?) (19)

It follows that ®gc, (¢) is irrational if and only if S, (¢) is irrational, and

oo (_1)rnqrn2
S 20
W @O= D T e AT (20)
If p,q € C, q+# 0, we see that
P & (_l)rn prn2
S Lafl I 21
. ((J> ; ¢ (g +p) (¢ + %) - (@t 4 p* ) 2y
Now, setting p = 1 in (21), we obtain
1 0 (_1)rn
S 2 ) = 22
Po (q) nz:l q(T—l) (q + 1) 3(r—1) (q + 1) (2n 1)(r—1) ( 2n—1 4 1) ( )

It is observed that the above sum is a Cantor series as given by (9) with the identifications j, =
(=1)™, k,, = ¢ D=1 (qzn*1 + 1) for every n. For every integer ¢ > 2, and any n > 1, all the
conditions of Theorem 2.1 are satisfied when r = 2,4,6, - --, and all the conditions of Theorem 2.2
are satisfied when r = 3,5,7,--- , so Sy, (%) is irrational for every integer q > 2.

Set again p = —1 in (21), we get

1 > 1
5% <_Q> N nz_:l ¢ (q=1) B0 (g3 = 1) - - qn=D0=1) (g2n—1 — 1) (23)

The sum above Sg, (—%) is a Cantor series as given by (9) with 5, = 1, k,, = ¢2n—H(r—1) (q2n*1 — 1)
for every n. For every integer ¢ > 2, and any n > 1, being all the conditions of Theorem 2.1 satisfied,

Sa, (—%) is irrational for every integer ¢ > 2.

As we have seen that Sg, (é) and Sg, (—%) are irrational for every integer ¢ > 2, therefore
Sa, (¢) is irrational for g = i%,i%,i%, e
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3.1.4 ¢, (q) is irrational at ¢ = i%, :l:%, :l:%, e

The function ®;¢,(q) can be expressed as

dic, (Q) _ Z(_l)rnq(rfl)n2+2n (_q; q2)n + S<I>1 (Q) (24)

n=0
It is clear that ®;c¢, () is irrational if and only if Sg, (¢) is irrational, and

B o0 (_1)rnqrn 2_2(r—1)n
Squ(Q) _Z (1+q)(1_|_q )...(1+q2n—1)

n=1

(25)

Whenever p,q € C, q¢ # 0, then

o0 —1)™ rn?—2(r—1)n ,2(r—1)n

q — q(rfl)n2 (q + p) (q3 + p3) . (q2n71 +p2n71)

Setting p = 1 in (26), we obtain

1 0 ( 1)an2('r n
S ) = .
oy <Q> nZ:l qr=D(qg+ 1)@= (38 4+ 1) - - ¢2r—10=1) (g2n—1 1 1) (27)
The sum Sy, (%) is a Cantor series given by (9) with k,, = G2r=1-1) (qgn,l n 1), and j, =

(—1)’""(]2(“1)” for every n. Also, for every integer ¢ > 2, and any n > 1, all the conditions of
Theorem 2.1 are satisfied when r = 2,4, 6, ---, and all the conditions of Theorem 2.2 are satisfied
when r = 3,5,7, - -, therefore ®(5,. (% is irrational for every integer ¢ > 2.

Again, setting p = —1 in (26) and simplifying, we get

1y ¢! 1
e (_Q> a ‘- 1 Tg—1)
2(r—1)(n+1) (28)

q
X Z G (B 1) P (F —1)- - qCrtDE—D (@n+l _ 1)

n=1

The sum in the R.H.S. of the above expression is a Cantor series given by (9) with j, =
@r=H+l) - — @nt1)(r-1) (¢*"*! — 1) for every n. For every integer ¢ > 2, and any n > 1, all

the conditions of Theorem 2.1 are satisfied, so Sg, (—%) is irrational for every integer q > 2.

Since S, (%) and Sg, <—%> are irrational for every integer ¢ > 2, therefore S¢, (¢) is irrational
for ¢ = :I:%,:I:%,:I:%,---.

3.2 Proof of Theorem 3.2

In this section, the irrational behavior of the functions foc, (q), fic (q), Yocr (q), and ¥ic, (q)
has been shown separately, one by one :
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3.2.1  foc, (q) is irrational at (i) g = %, %, %, .-+ when r=3,5,7,---,

and (ii) ¢ = i%,i%,i%,--~ when r =2,4,6,---
The function fypc,(q) can be written as

(rfl)n2+(r71)n
2

foer (@) =1+ 55 (@) + > _(-1)"™q (—19), (29)
n=1

It follows that foc, (¢) is irrational if and only if Sy, (¢) is irrational, and

00 rn2 —(r—2)n

(_l)rnq )
S = 30
o (4) ;(1+Q)(1+q2)~-(1+q”) (30)
For p,q € C, q # 0, we have
0o rn2—(r—2)n (r—1)n
p (=D™p 2 q
Sto <q> = e (31)

n=lq 2 (q¢+p)(¢®>+p?) - (¢"+p")
Setting p =1 in (31), we get

(r—1)n

1 S (_1)7% q 2
St <q> = Z 1 (r—1) (271712)(7“71) (32)

g2 (g+1)@ 7 (2+1)---¢q (g"+1)

(r=1)n

q 2 akn:

™

The sum S, (é) is a Cantor series given by (9) with the identifications j, = (—1)
@n=1)(r=1)

q = (¢" + 1). For every integer ¢ > 2, and any n > 1 all the conditions of Theorem 2.1 are

satisfied when r = 2,4, 6, - - -, and all the conditions of Theorem 2.2 are satisfied whenr = 3,5,7, - - -,

so Sy, (%) is irrational for every integer ¢ > 2.

Again, taking p = —1 in the sum (31), we obtain

fo%e) rn2+(7‘+2)n (r—=1)n

Sio (—1)=Z o —— (33)

n=1q¢ 2 (¢=1)(+1)-(¢"+(=1)")

rn2+(7‘+2)n
2

Case (i): If r =2,4,6,---, then (—1) = (—=1)", so

(r—1)n

N\ (-1)"q =
S0 (1) =X )
v 2 Zqz (g-1)¢ 7 (¢¢+1)-q 2 (¢ +(=D))

The sum Sy, (—%) is a Cantor series given by (9) with

(r—=1)n (2n—1)(r—1)

gn=(0" 2 kn=q > (" +(=1)").

For every integer ¢ > 2, and any n > 1, all the conditions of Theorem 2.2 are satisfied, so
St (—%) is irrational for every integer ¢ > 2 when r = 2,4,6,---.
.. rm?4(rd2)n 9 .
Case (ii): If r = 3,5,7,--- , then (—=1)" 2 is not fixed for all n > 1 as (—1)" or (—1)*". In this
case, Theorem 2.1 and Theorem 2.2 cannot be applied.
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) has been shown to be irrational for every integer ¢ > 2, but Sj, (—%) is irrational

1
q
when r = 2,4,6,---, so Sy, (¢) is irrational at
(i) ¢=3%,%,%,--- whenr=3,5,7,---, and
(ii) ¢ =43, +1, £5 .-+ whenr =2,4,6,---.
3.2.2  fic (q) is irrational at (i) ¢ = %,% i, -+~ when r=3,5,7,---,
and (ii) ¢ = +3,+%, +1,--- whe

The function fic,(¢q) can be written as

e rn (rfl)n2+('r73)n
fier (@) =14 S5 (@) + > (-1)™q 2 (-1;9), (35)
n=1
where
00 (71)7“” qrn2—(2r—4)n
Sp(@) =) (36)

2 Argirad) - (1+a)
Whenever it is defined, fic.(q) € Q, iff Sy, (q) € Q. Let p,q € C, ¢ # 0, then

Tn2—(r—4)n (r=3)n

P\ (—D)™mp 2 g e
S (q> =Y (37)

n=1¢q 2 (q+p)(q2—|—p2)...(qn+pn)

Setting p =1 in (37), we get

(r=3)n

N (1)
S <) = Z . 0= Zn—1)(r—1) (38)
n=1q? (g+1)qg = (+1)---¢ = (¢"+1)

(2n—1)(r—1)
The sum Sy, (%) is a Cantor series as given by (9) with the identifications k,, = ¢ 2 (¢"+1),
. (r=3)n . . .
jn = (=1)™q =2 . For every integer ¢ > 2 and any n > 1, |ju| > 0, kp > 2, kp — 1 > |jn] >

0, kn — 00 & jn/kn — 0 as n — oco. Hence, by Theorem 2.2, S¢, (%) is irrational for every integer

q > 2 when r = 3,5,7,---, and by Theorem 2.1, Sp, (%)is irrational for every integer ¢ > 2 when
r=2,4,6,---.
Setting again p = —1 in (37), we obtain

00 7'n2+(7'+4)n (r—3)n

51 () 2

2 (q—D(@+ 1) (¢"+(=1)")

rn? +(r+4)n
2

Case (i): If r =2,4,6,--- , then (—1)

=1, so

(r—3)n

1 > q 2
Sfl <_q) = Z 1 3(r—1) Cn-1)(r—1) (40)
2

n=1q2 (¢—1)q 2 (@+1)---q¢ 2 (¢"+(-1)")

. . . . . . . . (r=3)n
The sum Sy, (—%) is a Cantor series as given by (9) with the identifications j, = ¢ 2 and

(2n—1)(r—1)

kn=gq 2 (¢" + (—1)™). For every integer ¢ > 2, and any n > 1, all the conditions of

Theorem 2.1 are satisfied, so Sy, <—%> is irrational for every integer ¢ > 2 whenr = 2,4,6,- - -.

https://www.shimej.com/ijsesr/index 87



International Journal of Science and Engineering Science Research
Volume 1 | Issue 4 | October-December 2025 | ISSN 3049-2793
Peer Reviewed (Referred Journal)
Case (ii): If r = 3,5,7,--- , then (—=1)" 2 is not fixed for all n > 1 as (—1)" or (—=1)?". In this
case, Theorem 2.1 and Theorem 2.2 cannot be applied.

Since Sf, (%) is irrational for every integer ¢ > 2, and Sp, (—%) is irrational when r =

2,4,6,---,s0 Sy, (q) is irrational at
(1) q:%,%,z,--' when r = 3,5,7,---, and
(i) ¢ = +3,+3,£1,--- whenr =2,4,6,---.

3.2.3 Vyc, (q) is irrational at (i) ¢ = %, %, %, -++ when r=3,5,7,---,
and (ii) q::lz%,j:%,i%,-~ when r =2,4.6,---

As in the preceding cases, the function ¥yc,(g) can be written as

> rn (r=D (% +3n)
Voer (@) =D (-1)™¢ 2 (—=¢:9), + S, (9) (41)
n=0
where )
o) rn“—(3r—2)n
-1 rnq72
Sua (@) =3 ) (12)

1+1)(A+q)A+g¢%)-(1+q"1)

n=1

It is clear that Woc, (¢) is irrational if and only if Sy, (¢) is irrational. For p,q € C, ¢ # 0, then

7‘7127(37‘72)77, 3(r—1)n

p — L T
Sun (2) =3 g — (13)
q n=1¢g

> (1+1)(g+p)(¢*+p?) ("t +pm)

Taking p = 1 in (43) and simplifying, we get

1 —1) r—1 r—1
S%():( Vol a

q 2 2(¢g+1
2 . (a4
+ 1 Z (_1)7’nq7"
20 +1) =g (@ + 1) 207D (g3 + 1) - gD (gl 4 1)

It is clear that Sy, (%) is irrational if the sum on the right of (44) is irrational, and the sum on the

right of (44) is a Cantor series as given by (2.1) with &, = ¢""~V (¢"*! + 1), j, = (—1)"¢"~!. For
every integer ¢ > 2 and any integer n > 1, |ju| >0, kn > 2, kn—1> [ju| >0, kn — 00, * = 0 as

n — oo. Hence, by Theorem 2.2, Sy, (é) is irrational for every integer ¢ > 2 when r = 3,5,7,-- -,
and by Theorem 2.1, Sy, (%) is irrational for every integer ¢ > 2 when r = 2,4,6,---.

Setting again p = —1 in (43), we obtain

'rn27(r72)n 3(r—1)n

() =32 g - ()

n=1q 2 (¢—1)(¢#+1)..(¢" 1+ (=1)71)
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rn2 —(r—2)n

Case (i): If r =2,4,6,---, then (—1) 2 = (=1)", so

1 __qr—l qr—l 1
5% < > ~T2 Tag-n Tagon

(46)

y Z (_1)nqr71
L( 20—1) (g3 — 1)...qn(r—1) (gn+l L (—1)n+1

(P + 1) D (¢ = 1) g (g 4 (= 1))
It is clear that Sy, (—%) is irrational if and only if the sum on the right of (46) is irrational.
Comparing the sum on the right of (46) with Cantor series as given by (9), we get k, =
¢ (¢" ™'+ (=1)"*') and j, = (—1)"¢"~!. For every integer ¢ > 2 and any n > 1, all
the conditions of Theorem 2.2 are satisfied, so Sy, (—é) is irrational for every integer q > 2
when r =2,4,6,---.

Tn2—(r—2)

Case (ii): If » = 3,5,7,--- , then (—1) > is not fixed for all n > 1 as (=)™ or (—1)%", so
Theorem 2.1 and Theorem 2.2 cannot be applied.
Since Sy, (%) is irrational for every integer ¢ > 2, and Sy, (—%) is irrational when r = 2,4, 6, - - -,

so Sy, (q) is irrational at
(i) ¢ = 1 %’i... when r = 3,5,7,---, and

%,--- when r =2,4,6,---

3.2.4 V¢, (q) is irrational at (i) ¢ = %, %, %, -+ when r =3,5,7,---,

and (ii) qz:l:%,:l:%,:l:%,--- when r =2,4,6,---

We express the function ¥ic,.(q) as

o0

(-p" 1 1 r(—nt1), C=Dnm=)
Vi) = 3 4 g 0+ 5 30T ), (47)
where i)
00 r(n+1) rnintl)
q 2
S 48
"= 3 U AT )
Whenever it is defined, V¢, (q) ¢ Q iff Sy, (q) ¢ Q. For p,q € C and ¢ # 0, we have
0o rn(n+1)
p (=1)rn =7 —
S\Ill <q) = Z (r—1)n(n+1) 9 9 (49)
n=1q¢ 2 (¢+p)(¢®+p?)--(¢"+p")
Setting p =1 in (49), we get
1 o0 (_1) (n+1)
S ) = 50
21 (q> Z qrfl (q + 1) qQ(T—l) (q2 + 1) . qn(T—l) (qn + 1) ( )

n=1

The sum Sy, ( ) is a Cantor series as given by (2.1) with the identifications k, = ¢""=1 (¢" 4+ 1), j, =

(—1)"(+1) for all n. For every integer ¢ > 2 and any n > 1, all the conditions of Theorem 2.1 are sat-
isfied when r = 2,4,6,---, and all the conditions of Theorem 2.2 are satisfied when r = 3,5,7,-- -,

therefore Sy, (%) is irrational for every integer q > 2.
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Setting again p = —1 in (49), we get

N & (1)
S 2 = o1
L\ < q> HZ:I qr—l (q _ 1) q2(r—1) (q2 + 1) .. qn(r—l) (q” + (_1)n) ( )
Case (i): If r =2,4,6,---, then (—1)7(“1%(%2) =1, s0
1 = 1
S 2 ) = 52
RS ( q> Z qr—l (q _ 1) q2(r—1) (q2 + 1) ... qn(’r—l) (qn + (_1>n) ( )

n=1
The above sum is a Cantor series as given by (9) with the identifications j, = 1 and k,, =
"= (¢" + (=1)"). For every integer ¢ > 2 and any n > 1, all the conditions of Theorem 2.1

are satisfied, so Sy, (—% is irrational for every integer ¢ > 2 when r = 2,4,6,- - -.

r(n+1)(n+2)
2

Case (ii): If r = 3,5,7,--- , then (—1) is not fixed for all n > 1 as (—1)" or (—1)?". Thus,
Theorem 2.1 and Theorem 2.2 cannot be applied.

Since Sy, (%) is irrational for every integer ¢ > 2, and Sy, (—%) is irrational when r =

2,4,6,---, so Sy, (¢g) is irrational at

(1) q:%aéyi,"' When’l":3’5’7’-..7and

(i) ¢ = +3,+3,£1,--- whenr =2,4,6,---.

4. Deduction of Irrational Behavior of Bilateral Mock Theta
Functions of Order 5,7,9,---

Bilateral mock theta functions of order 5,7,9,--- can be obtained by taking » = 2,3,4,--- in
(1), (2), ---, (8) respectively. Here, the theorems for irrational behavior of bilateral mock theta
functions of order 5,7,9, - - - have been deduced as particular cases of Theorem 3.1 and Theorem 3.2.
For r = 2,3, and 4, respectively, Theorem 3.1 and Theorem 3.2 give the following theorems:

Theorem 4.1 (Theorem 4.1 [11]) Bilateral mock theta functions of order five Foca(q), Fica(q?),
P12 (q), foc2 (q), fica(q), Yoca (q) and Vycs (q) take on irrational values at ¢ = £5, +1,+1, -+

Theorem 4.2 (Theorem 4.1 [13]) Bilateral mock theta functions Focs(q), Fics(q?), ®ocs(q) and
®c3(q) take on irrational values at ¢ = :t%, i%, :i:%, cee

Theorem 4.3 (Theorem 4.2 [13]) Bilateral mock theta functions focs(q), fics(q), Yocs(q) and

Uics(q) take on irrational values at q = %, %, i, e

Poca(q)

Theorem 4.4 (Theorem 3 [12]) Bilateral mock theta functions of order nine Foca(q), Fica(q?), ®oca(q)

P14 (q), foca (), fica(q), Yoca (q) and Wicq (q) are irrational at ¢ = £, +3 +£5, -+

5. Conclusion

In Theorem 3.1 and Theorem 3.2, we discussed the irrational behaviour of bilateral mock theta
functions of order 2r+1 at ¢ = :l:%, :l:%, :l:i, .-+, and by taking r = 2,3,4, - - in these theorems, we
deduced the theorems for irrational behaviour of bilateral mock theta functions of order 5,7,9, - - -
respectively. By applying this concept, anyone can find the irrational behaviour of other infinite
series.
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